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ON RATIONAL HOMOLOGY DISK SMOOTHINGS OF VALENCY 

4 SURFACE SINGULARITIES 

JONATHAN WAHL 



Abstract. Thanks to the recent work [22] and [I], one has a complete list of 
resolution graphs of weighted homogeneous complex surface singularities admitting 
a rational homology disk ("QHD") smoothing, i.e., one with Milnor number 0. 
q^ . They fall into several classes, the most interesting of which are the 3 classes whose 

resolution dual graph has central vertex with valency 4. We give a uniform "quotient 
construction" of the QHD smoothings for those classes; it is an explicit Q-Gorenstein 
smoothing, yielding a precise description of the Milnor fibre and its non-abelian 
fundamental group. This had already been done for two of these classes in [22] : 
what is new here is the construction of the third class, which is far more difficult. 
In addition, we explain the existence of two different QHD smoothings for the first 
class. 

We also prove a general formula for the dimension of a QHD smoothing com- 
ponent for a rational surface singularity. A corollary is that for the valency 4 
cases, such a component has dimension 1 and is smooth. Another corollary is that 
"most" -ff-shaped resolution graphs cannot be the graph of a singularity with a 
QHD smoothing. This result, plus recent work of Bhupal-Stipsicz pQ, is evidence 
for a general 



Conjecture. The only complex surface singularities admitting a QHD smoothing 
are the (known) weighted homogeneous examples. 



Introduction 

Suppose / : (C 3 , 0) — > (C, 0) is an analytic map germ such that (V, 0) = (/ _1 (0), 0) 
has an isolated singularity at the origin. Its Milnor fibre M is a "nearby fibre" of / 
intersected with a small ball about the origin: M = / _1 (5) fl B e (0) (0 < \S\ « |e|). 
M is a manifold of dimension 4, compact with boundary the link L of the singularity, 
the intersection of X with a small sphere. L is a compact oriented 3-manifold, which 
can be reconstructed from any resolution of the singularity as the boundary of a 
tubular neighborhood of the exceptional set. M is simply-connected, and has the 
homotopy type of a bouquet of /i 2-spheres, where the Milnor number /x = rk H2(M) 
can be computed as the colength of the Jacobian ideal of /. We may think of M as 
a "Stein filling" of L. 
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It is natural to consider smoothings of (germs of) arbitrary normal complex surface 
singularities. That is, one has a flat surjective map / : (V, 0) — > (C, 0), where (V, 0) 
has an isolated 3-dimensional singularity, and the fibre (/ _1 (0), 0) = (V, 0) is a normal 
surface singularity. V has a link L as before, and Le and Hamm showed how to define 
a Milnor fibre M — again, a Stein filling of L. M need no longer be simply connected, 
though bx(M) — [7j. In fact, one could have fi(M) = 0, i.e., M is a rational 
homology disk ("QHD"), with Hi(M,Q) = for % > 0. 

In the late 1970's and early '80's, the author studied this last possibility and pro- 
duced many examples, both published ([23], [H]) and unpublished (but see [2J, p. 
505; [20J, p. 123; [9|). Such a (V, 0) must be a rational surface singularity (implying in 
particular that the resolution dual graph T is a tree), with discriminant (=\Hi(L)\) 
a square, and resolution invariant K ■ K an integer. Among cyclic quotient singular- 
ities (whose links are lens spaces), QHD smoothings exist exactly for those of type 
P 2 /PQ. ~ 1 ([23], (5. 9.1) and [U],(5.10)). (In the language of Kollar -Shepherd-Barron 
[TO] , these are particular examples of "Q-Gorenstein smoothings," i.e., smoothings 
which are quotients of smoothings of the so-called index 1 cover, which is Goren- 
stein). We also constructed QHD smoothings for three triply-infinite families (later 
called W, M, M), each corresponding to a spherical triple (3, 3, 3), (2, 4, 4), or (2, 3, 6), 
and each growing from the log-canonical singularity with graph respectively: 



(The W family is [23], 5.9.2). We found other one-parameter infinite families; all were 
weighted homogeneous singularities, hence ([H]) T is star-shaped (a star is a vertex 
of valency at least 3). Most had a star of valency three; but there were also valency 4 
families for each triple. We list the graphs below for each p > 2, and name the type 
via a triple (a, b, c; d): 
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The main goal of the current paper is to give a new and uniform "quotient con- 
struction" of a QHD smoothing of these valency 4 examples, allowing an explicit 
description of the QHD Milnor fibre and its fundamental group. (The A 4 and B 4 
examples are easier and were already written down in [22], (8.12) and (8.14).) 

There are two ways to construct smoothings. The first is H. Pinkham's method of 
"smoothing with negative weight" for a weighted homogeneous singularity [19]. Here, 
the existence of a smooth projective variety X with a specific curve configuration can 
be used to produce a smoothing of V, as proved carefully in [22], Theorem 8. (One 
can also use this method to prove non-existence of QHD smoothings in certain cases, 
cf.pp.) But the total space of the smoothing has coordinate ring 0T(X, O(Dk)), for 
some divisors D k on X, so it can be difficult to deduce, for instance, the fundamental 
group of the Milnor fibre, or whether the smoothing is Q-Gorenstein. 

One would prefer a "quotient" construction ([25], 5.9), which would be more explicit 
and give extra information. In this case, one starts with (a germ of) an isolated 3- 
diimensional Gorenstein singularity (Z, 0); a finite group G acting on it, freely off the 
origin; and a G-invariant function / on Z, whose zero locus (W, 0) has an isolated 
singularity (hence is normal and Gorenstein). Then / : (Z, 0) — > (C, 0) is a smoothing 
of W, with Milnor fibre M; in our examples, M will be simply-connected. But one also 
has / : (Z/G,0) -»■ (C,0), giving a Q-Gorenstein smoothing of (W/G,0) = (V,0), 
with Milnor fibre M/G (note G acts freely on M). If the order of G is equal to the 
Euler characteristic of M, then M/G will have Euler characteristic 1, hence will be a 
QHD Milnor fibre. The resolution dual graph of W/G can be calculated by resolving 
Z or W and dividing by the induced action of G. 

A quotient construction is given in [22], (8.2) for the cyclic quotients and for types 
W and A/"; in these cases, G is abelian. In addition, the valency 4 examples of types 
A 4 and B 4 are constructed there (modulo typos in (8.14): m should be 2p 2 — 2p + 1, 
and the graph should have p replaced by p — 2). In these cases, (Z, 0) is respectively 
(C 3 , 0) or a quadric ({X!X 3 — X 2 X 4 = 0} C C 4 , 0); G is a metacyclic group; / is an 
equation of "Klein type" ; and M is simply connected, so that the fundamental group 
of the QHD smoothing is the non-abelian group G. The new result in (7.4) extends 
this construction to the case C 4 : 

Theorem 1. For p > 2, write m = p 2 — p + 1, n = dp, r = m — p + 1, and ( = 
exp(2ni/m), r]=exp(2iTi/n), 7 = exp(2ixi/Q) . Consider 

(1) Z G C 7 the cone over an appropriate del Pezzo surface of degree 6 in P 6 

(2) G C GL(7, C) the metacyclic group generated by 

S(a u a 2 , ■ ■ ■ , a 7 ) = (£ai, C r a 2 , ■ ■ • , C %, a 7 ) 
T(oi, a 2 , • • • , a 7 ) = (r]a 2} • • • , ??a 6 , rjai, 7707). 

(3) / = X p l ~ 1 X 2 + 7X^X3 + 7 2 X 3 p - 1 X 4 + 7 3 X 4 p - 1 X 5 + 7 4 Xr 1 X 6 + 7 5 A 6 p - 1 X 1 . 
Then the quotient construction applied to this data yields QHD smoothings of type 
C 4 , whose Milnor fibre has fundamental group G. 
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The total space for each of these valency 4 smoothings is the quotient of the cone 
Z of an embedding ZcP for which — Kz is cut out by a hypersurface, and / G 
T(Z, — pKz). (These three Z are precisely the toric del Pezzo surfaces with cyclic 
symmetry, of orders 3, 4, 6.) Z has a canonical Gorenstein singularity, so the total 
spaces of the smoothings are log-terminal] in a forthcoming paper, we prove this is a 
general phenomenon. 

The relevance of QHD smoothings to symplectic topology arose from a 1997 paper 
of Fintushel-Stern [3] , which showed that one could "blow-down" on a symplectic four- 
manifold a configuration of 2-spheres that numerically correspond to a resolution of 
a cyclic quotient singularity of type p 2 /(p — 1). Roughly speaking, one removes an 
appropriate symplectic neighborhood of the configuration, with boundary the lens 
space, and then "pastes in the QHD Milnor fibre". (This interpretation came later.) 
A key point is that Seiberg-Witten invariants can be controlled, so one can create 
new smooth 4-manifolds. Another important consequence was the construction by 
Y. Lee and J. Park [12J of new minimal surfaces of general type, by globalizing QHD 
smoothings of the p 2 /pq — 1 cyclic quotient singularities. 

The point of view of "nice" filling of compact 3-manifolds by QHD Milnor fibres 
was due to the symplectic topologists A. Stipsicz and Z. Szabo, leading to our col- 
laboration [22] in 2007. The main achievement in [22] was to restrict greatly the 
possible resolution diagram of a (V, 0) which could admit a QHD smoothing, and 
to list many examples where such smoothings exist. (The same restrictions applied 
to similar problems in "symplectic filling.") The possible diagrams were of 7 types. 
The first class of graphs (Q) correspond to the lens spaces p 2 /{pq — 1). The next 
three (W,jV, Ai) are the 3 triply-infinite families mentioned above; in particular, all 
graphs in the first 4 classes can be realized by singularities with QHD smoothings. 
But the final 3 classes (A, B, C) contain some diagrams of singularities that could not 
have a QHD smoothing (e.g., the singularity might not be rational). Nonetheless, 
these classes contained six one-parameter valency 3 star-shaped families, as well as 
the three one-parameter families A 4 ,B 4 ,C 4 , all of which correspond to singularities 
having a QHD smoothing. (These families were known to the authors of [22J, but 
not all were listed there.) An important consequence of [22J was to give a neat way 
to organize all the families on our old list. This result culminated in recent work of 
Bhupal-Stipsicz pQ, which says that for star-shaped graphs the old list is complete: 

Bhupal-Stipsicz Theorem QlJ). The examples described above are the only star- 
shaped graphs of singularities with a QHD smoothing. 

Thus, [1] considered all the other star-shaped graphs allowed by Theorem 1.8 in 
[22] (necessarily of classes A, B or C), and proved (using ideas related to smoothing 
of negative weight) that a singularity with such a graph could not have a QHD 
smoothing. In fact, [1] worked in the symplectic category and proved a stronger 
result, that the relevant 3-manifolds did not even have a "QHD weak symplectic 
filling" . 
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The Bhupal-Stipsicz result lists the graphs, so one should say as much as possi- 
ble about the singularities themselves and their QHD smoothings. The valency 3 
examples which occur are all taut in the sense of H. Laufer [11]: there is a unique 
singularity with that graph, so it is the weighted homogeneous one ([IB])- But one 
should decide how many QHD smoothings it has. For the valency 4 graphs, [11] 
proves that for each cross-ratio of 4 points on the central curve, there is a unique 
analytic type (necessarily weighted homogeneous). The quotient QHD smoothings in 
each of the cases of A 4 ,B 4 ,C 4 work for only one particular cross-ratio, which in the 
first two cases can be identified because of the existence of a special symmetry of the 
4 points. A general result (Theorem 8.1) gives a formula for the dimension of a QHD 
smoothing component. As a Corollary, one has (see (8.2) below) the 

Theorem 2. For a weighted homogeneous surface singularity, a QHD smoothing 
component in the base space of the semi-universal deformation has dimension one. 

It follows that there are at most finitely many cross-ratios for singularities with 
a QHD smoothing, and perhaps the calculations of [1] will imply these are the only 
ones. Further, in all examples made from the quotient construction one finds such a 
QHD smoothing component is smooth. 

On the other hand, we prove (Theorem 2.4) that for type A 4 , there are two QHD 
smoothing components in the base space of the semi-universal deformation of the 
singularity (this was also hinted at by J. Stevens in [2U], p. 124). From one point 
of view, the two different smoothings come from two 3-dimensional fixed-point free 
representations of the same group, which do not differ by an automorphism of the 
group (cf. Theorem 12.41 below). These two smoothings have non-isomorphic three- 
dimensional total spaces, but the two Milnor fibres are apparently diffeomorphic. 

It is natural to formulate the following 

Conjecture. Suppose a rational surface singularity has a QHD smoothing. Then the 
singularity is weighted homogeneous, hence is one of the known examples. 

To prove this Conjecture, by [22] one would need to rule out those graphs of types 
A, B, C with two or more stars (each of which must have valency exactly 3, except 
perhaps for an "initial" one of valency 4). We give a simple proof of non-existence of 
QHD smoothings for most of the candidate graphs with two valency 3 stars. 

Theorem 3. Graphs of type A, B, C with two valency 3 stars have resolution dual 
graph 

-b ' 



with e > 2. If e > 3, then any singularity with this graph cannot admit a QHD 
smoothing. 
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In the first section, we recall from J. Wolf's book [26] the metacyclic groups G which 
have faithful irreducible representations in C d acting freely off the origin. We also 
explain how two different such representations of the same group could yield non- 
isomorphic quotient singularities C d /G. Sections 2 and 3 discuss cases A A (where 
d = 3) and B 4 (where d = 4), respectively; one studies conjugacy classes in G 
and isotropy for the projective representation, to describe the singularities made via 
appropriate spaces Z and Kleinian polynomials /. The difficult case C requires in 
Section 4 a description of an appropriate G (for d = 6) but now with a reducible 
action on C 7 ; in Section 5 a del Pezzo Z in P 6 on whose cone G acts, and whose non- 
trivial isotropy is described; in Section 6 the G-invariant Kleinian polynomial cutting 
out a smooth curve D on Z; and finally in Section 7 a description of the smoothing 
and properties of its QHD Milnor fibre. The last Section 8 discusses QHD smoothing 
components, and makes the aforementioned conjecture about the non-existence of 
other examples; this section is independent of all the others. 

We have profited from conversations with Eduard Looijenga, Walter Neumann, and 
Andras Stipsicz. 

1. Some fixed-point free group actions 

Section 5.5 in J. Wolf's book [26] discusses metacyclic groups acting freely off the 
origin of C d . Consider positive integers m, n, r, d, n', with m > 1 and 

(1) n = n'd 

(2) ((r- l)n,m) = 1 

(3) r is a multiplicative unit in Z/(m), of order d 

(4) every prime divisor of d divides n'. 

(In the cases of interest to us, d — 3, 4, or 6.) Let G be the group defined by generators 
A and B satisfying 

A m = B n = I, BAB' 1 = A r . 

G is the semi-direct product of the cyclic groups < A > and < B >, hence has order 
mn. Its abelianization is cyclic of order n, generated by the image of B. 

Suppose k and / are integers satisfying (k,m) = (l,n) = 1. Define d- dimensional 
(unitary) representations TCk,i of G as follows: Let ( = exp(2iri/m) and rj = exp(27ii/n). 
Set 

7r M (A)(ai, a 2 , • • • , a d ) = (CV, C fcr a 2 , • • • , C^' 1 ^) 

7r fe ,i(-B)(ai, a 2 , • • • , a d ) = (a 2 , ■ • • ,a d , 7/%). 

These give representations TCk.i '■ G — > GL(d, C), which depend only on k mod m and 
/ mod n' . 

Theorem 1.1. [26] 

(1) The 7Tk,i are irreducible faithful complex representations of G, and act freely 
on C d off the origin 
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(2) The subgroups itk,i(G) and iiij(G) are equal 

(3) n^i is equivalent to 7Ti^/ iff n^i = Wiy iff I' = I modulo n 1 

(4) Ttij is equivalent to ir\y o (p ; with if an automorphism of G, iff there exists 
t = 1 mod d such that tt\^ = ir^-a 

Proof. The statements are easy or taken directly from Theorem 5.5.6 of [26]. □ 

We clarify a count not expressly made in the Remark on p. 170 of [26 J. 

Corollary 1.2. Ttij differs from txhi by an automorphism of G iff V = I mod 
GCD{d,n'). 

Proof. By the Theorem, one needs to examine the conditions that there is a t = 1 
mod d such that I' = tl mod n' . Reducing the last equivalence mod GCD(d, n') gives 
that V = tl = I mod this GCD. Conversely, suppose that I, I' are prime to n' and are 
congruent to each other mod GCD(d, n'). Then there is an integer s (prime to n') so 
that V = si modulo n', and s = 1 mod GCD(d,n'). It is an elementary exercise to 
show one can find an x so that t = s + n'x is congruent to 1 modulo d. □ 

Next, the images of G under two representations are conjugate subgroups if and 
only if the corresponding representations become equivalent via an automorphism of 
G. Let Gi C GL(d,C) be the image iri t i(G). 

Corollary 1.3. (1) The number of non-conjugate subgroups Gi is <f)(GCD(n',d)). 
(2) The number of analytically distinct germs (C d /G/,0) is (j)(GCD(n',d)). 

Proof. The first statement is an immediate consequence of the last Corollary. For the 
second, a local isomorphism lifts to a local analytic isomorphism of C d — {0} which 
is equivariant with respect to the actions of the two subgroups. The automorphism 
extends over the origin, and its linearization intertwines the two group actions. □ 

Remark 1.4. Note GCD(n', d) > 1, so 4>(GCD(n', d)) is even unless the GCD equals 
2. In the latter case, there is only one subgroup Gi. In all other cases, G\ and G_i 
are non-conjugate. Although the quotient singularities C d /Gi are not analytically 
equivalent, the quotients of the spheres S 2d ~ 1 /Gi and 5 ,2d_1 /G_ 1 are diffeomorphic, 
in a strong sense. For this question, one has to look at the orthogonal representations 
ftk,i '■ G — > 0(d) as described in Theorem 5.5.11 of [26J. We summarize by saying that 
S 2d ~ l /Gi and S 2d ~ l /Gi> are isometrically equivalent iff / = ±/' modulo GCD(n',d). 

From now on, we use slightly different transformations to describe the Kk,i- The 
diagonal transformation 

R(ai, a 2 , ■ ■ ■ , a d ) = (a 1; r]~ l a 2 , ■■■ , 7]~ l{d ~ 1] a d ) 

commutes with Kk,i(A), while 

R l ir ki i(B)R~ l (a u a 2 , • • • , ad) = (V«2, • • • , rfa d , T) l ai). 
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Thus, 7Tk,i is equivalent (via R l ) to the representation defined by the transformations 
Sk and T[, where 

(1.4.1) S k {a u 02, • • • , a d ) = (CV ( kr a 2 , • • • , C^"^) 

(1.4.2) T^a^ 02, • ■ • , o d ) = (r/a 2 , ■ • • , rfa d , rfax). 

We will frequently write S = S\, T = T\. 

Since the transformations are unitary, the transpose inverse is the complex conju- 
gate; thus, the dual representations satisfy 

In particular, as T(e«) = r/e^i (where the e« are standard basis vectors and e = e^), 
we have as corresponding action on the coordinate functions T(Xj) = r q~ 1 X i ^i (where 
Xq = X d ). 

Lemma 1.5. Let G act on C d via TCk,i, as in (11.4. II) and fl 1 . 4 . 2 1) above. Suppose that 
n' = m — r + 1, and write 7 = ■ r j( m - r + l ) _ Then 7 is a primitive d th root of 1, and the 
polynomial 

f(x 1 ,x 2 , ■■■ 1 x d ) = x™~ r x 2 + 7 x 2 m - r x 3 + • • • + 1 d ~ l xT- r x l 

is G-invariant. 

Proof. A straightforward calculation. □ 

We note a simple calculation from the defining relations of G: for k > 0, all j, 

A- j B k A j = A j{ - rk - x) B k . 

Lemma 1.6. If i is a multiple of r k — 1 in r L/{m), then A l B k is conjugate to B k . 

Proof. The hypotheses imply there is a j > so that i = j(r k — 1) modulo m. Now 
use the calculation. □ 

2. Class A valency 4 smoothings 

We consider the set-up of the last section for some three-dimensional representa- 
tions, i.e. d = 3. Fix an integer p > 2, and write m = 3p 2 — 3p + 1, n = 9p, n' = 3p, 
and r = m — (3p — 1). Let ( = exp(27ri/m), and rj either exp(27rz/-n,) or its inverse. 
Consider the subgroup group G v = G C GL(3, C) generated by the transformations 
S and T v = T, where 

S(a,b J c) = ((a,C {3p -%( 3p - 2 c) 
T(a,b,c) = (i]b,ric,r}a). 

In the notation of the first section, this subgroup arises from the representation 71^1 
or 7ri : _i, depending on which root of unity is rj. 
It is straightforward to verify the following: 
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(1) T 3 is scalar multiplication by rf 

(2) The image G of G in PGL(3,C) is G/ < T 3 >, hence has order 3m and is 
generated by S of order m and T of order 3. 

Checking that r — 1 and r 2 — 1 are units in Z/(m), Lemma 1.6 yields 

Lemma 2.1. If k is 1 or 2, then S l T k is conjugate to T k . 

Lemma 2.2. (1) G acts faithfully on P 2 , with non-trivial isotropy only at [1, 0, 0], 
[0,1,0], [0,0,1] and the G-orbits of the three points [l,p, p 2 ], where p is any 
cube root of 1 . 

(2) < S > is the G-stabilizer of each of the 3 points [1, 0, 0], [0, 1, 0], [0, 0, 1], and 
< T > cyclically permutes them. 

(3) < T > is the G-stabilizer of each of the 3 points [1, p, p 2 }, and these points are 
in distinct G-orbits. 

Proof. First check the action of G on P 2 . By the last Lemma, it suffices to find points 
fixed by S l , T, and T 2 = T" 1 (so the last case is unnecessary). The calculations 
concerning G are now straightforward. □ 

Next, G acts on the 3 coordinate functions on C 3 by 

s(x u x 2 ,x 3 ) = (c 1 Xi,? p - 1 X2,C {ap - 2) X3) 

T(X 1 ,X 2 ,X 3 ) = (rr 1 ^, tT^tT 1 ^). 
(The notation means, e.g., that S(X 3 ) = (^ 3p ~ 2 )X 3 and T(X 2 ) = r/~ 1 Xi.) Recalling 
Lemma 1.5, setting 7 = rf p (a primitive cube root of 1), one has that the polynomial 

f(X u X 2 , X 3 ) = X*-% + iXl^X, + 7 2 X 3 3p - 1 X 1 

is invariant under the action of G. / = defines a smooth projective curve D C P 2 , 
containing all the points in Lemma 2.2; the cone T> over this curve is a hypersurface 
singularity C 3 . The map / : C 3 — > C is a smoothing of T>, and the Milnor fibre M 
is simply-connected, with Euler characteristic x(M) = 1 + (3p — l) 3 . But G acts 
freely on C 3 — {0}, and in particular on M and onD- {0}; thus, / : C 3 /C7 — ¥ C 
gives a smoothing of T>/G = V, with Milnor fibre the free quotient M/G. Since 
\G\ = inn = x{M), we conclude that M/G is a QHD, with fundamental group G. 

Theorem 2.3. Suppose p > 2, G and f as above. Then f : C 3 /G — > C defines a 
QHD smoothing of a rational surface singularity V of type A A , whose Milnor fibre 
has fundamental group G. The resolution dual graph of V is 
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The set of 4 points on the central curve is equianharmonic, i.e., the cross ratio is 
a primitive 6th root of unity. 

Proof. We outline the proof as described in Example 8.12 of |22j ; full details are 
given in the more difficult case of Section 7. The blow-up 03 — > T> at the origin is the 
geometric line bundle over D corresponding to Ou(l). The action of G lifts to 03; T 3 
is now a pseudo- reflection, so divide 03 by it, yielding 03', on which Gj < T 3 >= G 
now acts. 03' still contains a smooth exceptional divisor isomorphic to D. The action 
of G on 23' is non-free only at points of D described in Lemma 2.2. There are 3 orbits 
on which every point has isotropy of order 3; and three points where the isotropy is 
generated by S, and T permutes them cyclically. Consider 4 points representing these 
singular orbits; in each case, compute the Jacobian of a generator of the stabilizer, 
and diagonalize it with respect to the tangent spaces of 03' and D. Using (2.7) below, 
resolve then the 4 cyclic quotient singularities of OS'/G, yielding most of the resolution 
diagram claimed by the Theorem; one lacks only the genus and self-intersection —d 
of the central curve. 

Riemann-Hurwitz for the quotient of D by G yields that the central curve has genus 
0. The Milnor fibre for the smoothing has as first homology group the abelianization 
of G, hence has order n. As is well-known (e.g., [H], 2.4), since the Milnor fibre has 
no rational homology, n is the order of a self-isotropic subgroup of the discriminant 
group. That implies that the group itself has order n 2 . The order of the discriminant 
group can be computed from the graph ((2.7) below), from which we conclude that 
d = 3. 

Finally, one needs to compute the cross-ratio of the 4 points on P 1 which are the 
images of the points on D on which G acts with non-trivial isotropy. 

Consider the transformation U G GL(3) defined by U(a,b,c) = (a, 76, 7 2 c) (recall 
that 7 is a primitive cube root of 1). One checks that UTU~ l is T composed with 
scalar multiplication by 7 2 , which is itself a power or T (either T 3p or its inverse). 
Thus, U normalizes G, and in fact the corresponding U centralizes G. U cyclically per- 
mutes the three points [1, p, p 2 } on P 2 . Further, U sends the polynomial f(Xi, X 2 , X 3 ) 
into 7 2 /, so it acts 011D C P 2 . Thus, U induces an order 3 automorphism of the 
quotient D/G = P 1 ; it fixes the image of [1, 0, 0], and cyclically permutes the images 
of the other 3 branch points. But a set of 4 points on P 1 for which an automorphism 
of order 3 fixes one point and cyclically permutes the other 3 is easily seen to have a 
cross-ratio equal to a primitive 6th root of unity. □ 

We remark that G was determined by a specific choice of a primitive rath root 77. 
On the other hand, the rational surface singularity V of Theorem 2.3 is independent 
of this choice, since by [18] and [TT], the singularity must be weighted homogeneous 
and thus uniquely determined by the location (i.e., cross-ratio) of the four points. 
However, a choice of a different root could give a non-conjugate group G', hence a 
different total space C 3 /G", thus giving a different smoothing for the same singularity. 
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Theorem 2.4. Let T)=exp(2m/n) ; and denote its inverse by 77' . Then 

(1) the subgroups G = G, q and G' = G v > of GL(3, C) are isomorphic but not 
conjugate; 

(2) the singularities C 3 /G and C 3 /G" are not isomorphic, but their links are dif- 
feomorphic; 

(3) the maps f : C 3 /G — > C and f : C 3 /G" — > C are distinct one- dimensional 
smoothing components in the semi-universal deformation of the singularity V . 



Proof. The first assertion follows from Theorem 5.5.6 of [26], describing irreducible 
faithful complex representations {71^} of certain metacyclic groups, and which are 
fixed point free (off the origin). His notation is compatible with ours, and his d = 3 
and his n' = 3p. Then the group G n in our Theorem is the image of the representation 
TTm-1,1; while Gy corresponds to r K m -\,n'-\- But by Statement (3) of Theorem 5.5.6, 
the two representations are inequivalent even after composition with an automorphism 
of the group. It follows that the subgroups themselves are not conjugate. 

A local isomorphism of C 3 /C7 onto C 3 /G" would lift to an automorphism of C 3 
which would intertwine the two group actions. But this is impossible by the previous 
remark. As for the links, one notes from Theorem 5.5.10 of [26J that the corresponding 
orthogonal representations in M 6 are in fact equivalent; hence, the quotient-spheres 
S 5 /G and S 5 /G' are diffeomorphic. 

The fact that these one-parameter smoothings are full smoothing components fol- 
lows from the results in [2], and will be discussed in Section 8 below. 

□ 

Remark 2.5. The existence of two fi = smoothing components for the singularities 
in Theorem 12.41 may be understood as follows. As in part 1 of [H], the first homology 
group of the link of a rational surface singularity has a natural "discriminant qua- 
dratic function", which induces the usual linking pairing. By Theorem 4.5 of [14] . 
a /i = smoothing gives rise to a self-isotropic subgroup of the discriminant group; 
a calculation shows there are two such. They differ by a diffeomorphism of the link 
which permutes two of the 4 points on the central P 1 ; but this is not induced by an 
automorphism of the singularity. This explains why the total spaces of the smooth- 
ings are not isomorphic, but their links are diffeomeorphic. In ([20], p. 124), it is 
claimed that there are 6 smoothing components, basically because of permutations of 
the 3 special points on the P 1 ; but the order 3 automorphism of the singularity acts 
on each of the two smoothing components. 

Remark 2.6. The metacyclic groups above have p > 2, but all the calculations make 
sense for p = 1. In this case, the group G is cyclic of order 9, and one finds the 
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quotient of the cone over a cubic curve in P 2 , whose resolution dual graph is 



-4 -3 



This is the first term in the W series of [22], originally described in (|25j. 5.9.2). 

Some familiar facts. (2.7) A two-dimensional cyclic quotient singularity of type 
n/q, where < q < n, (q, n) = 1, is the quotient of C 2 by (a, b) h-> (77a, r] q b), with n a 
primitive nth root of 1. The minimal resolution is a string of smooth rational curves, 
the negative of whose self-intersections are the numbers in the continued fraction 
expansion of n/q. The transform of the image of the coordinate axis y = intersects 
transversally the first of these curves. 

For a star-shaped resolution dual graph with central curve of self-intersection —d 
and chains of curves corresponding to continued fraction expansions of rii/qi, 1 < 
i < s, the order of the discriminant (= absolute value of the determinant of the 
intersection matrix) is, e.g. via [16] (1.2), 



n 1 n 2 ■ ■ ■ n s (d - y^j/uj). 

i=i 

3. Class B valency 4 smoothings 

Continuing with the previous set-up, we consider representations of dimension d = 
4. Let p > 2, and write m = 2p 2 — 2p + 1, n = 8p, n' = 2p, and r = m — (2p — 1). 
Let ( = exp(27u/m) and 77 = exp(2iri/n). Consider the subgroup G C GL(4, C) 
generated by the transformations S and T, where 

S(a, b, c, d) = ((a, ( r b, (~ l c, (~ r d) 

T(a, b, c, d) = (nb, rjc, wd, rja). 

This is the 4-dimensional fixed-point free representation 711,1. It is straightforward to 
verify the following: 

(1) T 4 is scalar multiplication by 7/ 4 

(2) The image G of G in PGL(4,C) is Gj < T 4 >, hence has order Am and is 
generated by S of order m and T of order 4. 

Checking that r k — 1 is a unit in Z/(m) for k = 1,2, 3, Lemma 1.6 implies 
Lemma 3.1. If 1 < k < 3, then S l T k is conjugate to T k . 
Lemma 3.2. G acts faithfully on P 3 ; with non-trivial isotropy only at 
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(1) the A points [1,0,0,0], [0, 1,0,0], [0,0, 1,0], [0,0,0, 1[, each of whose stabilizers 
is < S >, and which are cyclically permuted by < T >. 

(2) the 4 (distinct) G-orbits of the 4 points [1, p, p 2 , p 3 }, where p 4 = 1, noting that 
the stabilizer of each point is < T >. 

(3) the G-orbits of the two lines s[l,0,/i, 0] +£[0,1,0,//], where p = ±1, noting 
that < T 2 > fixes every point on the lines. 

Proof. One checks the action of G on P 3 for orbits with non-trivial isotropy. By 
the last Lemma, it suffices to find points fixed by S l , T, and T 2 . The calculations 
concerning G are now straightforward. 

□ 

Next, G acts on the 4 coordinate functions on C 4 by 

s(x u x 2 ,x 3 ,x,) = (c- 1 x 1 ,c- r ^ 2 ,C^3,C r ^4) 

T(X h X 2 ,X 3 ,X A ) = ( V - 1 X 4 ,r ] ~ 1 X uV - 1 X 2 ,r ] - 1 X 3 ). 
Denoting 7 = r] 2p (= i, a primitive 4th root of 1), we have: 

Lemma 3.3. G fixes the polynomial 

/(*!, X 2 , X 3 , X 4 ) = X 2 r X X 2 + 7*2 P-1 *3 + i 2 x 2 r x x, + fxf- l X u 

and leaves invariant the hypersurface siingularity 

Z = {X ± X 3 - X 2 X 4 = 0} C C 4 . 

Thus G acts on the variety T> = Z fl {/ = 0} C C 4 , the cone over a smooth complete 
intersection curve DcP 3 . 

Proof. The only claim requires checking is the smoothness of the curve in P 3 . A more 
difficult but similar argument is given below in Section 6. □ 

The map / : Z — > C gives a smoothing of T>\ by [8] and [5], the Milnor fibre M 
is simply connected with Euler characteristic which can be checked to equal mn. G 
acts freely on C 4 — {0}, and in particular on M and V — {0}. Thus, / : ZjG — > C 
gives a smoothing oiV/G, with Milnor fibre the free quotient M/G. Since \G\ = mn, 
we conclude that M/G is a QHD, with fundamental group G. 

Theorem 3.4. Suppose p > 2, G, Z, and f as above. Then f : ZjG — > C defines 
a QHD smoothing of a rational surface singularity V of type B A , whose Milnor fibre 
has fundamental group G. The resolution dual graph of V is 

p-2 



• • •- 

-3 

-4 -2 

11 
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The set of 4 points on the central curve has cross ratio 2, as they admit an auto- 
morphism of order 2 . 

Proof. Again we outline the proof, as in Theorem 12.31 One resolves the complete 
intersection singularity T> by one blow-up, divides out by the action of the pseudo- 
reflection T 4 , and locates and describes the fixed points of G on this smooth surface 
using Lemma 3.2. The fixed points of type (1) yield one G-orbit, and the isotropy of 
a point is < S >, of order m. For type (2), only those two points with p = ±1 are 
on Z\ the isotropy of each is < T >, of order 4. For type (3), there are only 4 points 
on the 2 lines which lie on Z, and two of them are of type (2); the remaining points 
[1, 1, —1, —1] and [1, —1, —1, 1] are permuted by T, so give only one G-orbit, and the 
isotropy of one is < T 2 >. From the explicit form of the isotropy, one gets all the 
information of the resolution dual graph, except for the genus and self-intersection of 
the central curve. 

The same argument as in the proof of Theorem 12.31 using Riemann-Hurwitz and 
the order of a self-isotropic subgroup of the discriminant group, yields the remaining 
invariants of the resolution graph. 

Finally, one needs to compute the cross-ratio of the 4 points on P 1 which are the 
images of the points on D on which G acts with non-trivial isotropy. 

Consider the transformation U G (71/(4) defined by U(a,b,c,d) = (a,—b,c,—d). 
One checks that UTU' 1 = —T = T 4p+1 . Thus, U normalizes G, and in fact the 
corresponding U centralizes G. Consider the action of U on 4 points whose orbits 
yield the 4 branch points on P 1 . U interchanges [1, 1, 1, 1] and [1, — 1, 1, — 1] and leaves 
fixed [1,0,0,0] and the G-orbit of [1,1,-1,-1]. Thus, U induces an automorphism 
of P 1 which fixes two points and interchanges two others. It is easily seen that such 
a set of points has cross-ratio 2 (or equivalently 1/2 or —1). □ 

Remark 3.5. The metacyclic groups above have p > 2, but all the calculations 
make sense for p = 1. In this case, the group G is cyclic of order 8, and one finds the 
quotient of the cone over a complete intersection elliptic curve in P 3 , whose resolution 
dual graph is 



-2 -3 -4 

This is the first term in the M series of [22] . 

4. Class C 4 — the group and its representation 

We do a variation of the earlier constructions. Let d = 6 and p > 2, and write 
m = p 2 — p + 1, n = 6p, n' = p, and r = m — p + 1. Constructing transformations Sk 
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and T\ as in 1.4(1) and 1.4(2), we have a six-dimensional representation of a semi- 
direct product G of two cyclic groups, of orders m and n. It is still true that r has 
order 6 in Z/(m). However, the representation need not be fixed-point free, either 
because m and n are not relatively prime when p = 2 mod 3 (their GCD would be 
3), or because the divisors of n' might not include 2 and 3. Not only that, but we are 
actually interested in a 7-dimensional reducible representation of this group; we take 
the direct sum of the previous representation with a character of the abelianization 
of G. 

Specifically, write ( = exp(2iri/m) and rj = exp(27ri/n). Define S,T G U(7) by 

S{a!, a 2 , ■ ■ ■ , a 7 ) = (Coi, C«2, • • • , C «6, o-r) 

T(ai, a 2 , ■ ■ ■ , a 7 ) = (r]a 2 , ■■■ , rja 6 , rja^ rja 7 ). 

Then S and T generate a metacyclic group G satisfying 

S m = T n = I, TST- 1 = S r . 

G is a semi-direct product of the cyclic groups < S > and < T >, and the abelian- 
ization is cyclic of order n, generated by the image of T. 
It is straightforward to verify the following: 

(1) T 6 is scalar multiplication by i] 6 

(2) The image G of G in PGL(7, C) is Gj < T 6 >, hence has order 6m and is 
generated by S of order m and T of order 6. 

(3) For every i,j, k, I, one has 

(S j T l ){S i T k )(S j T 1 )- 1 = s ir '-^ rk -^T k . 

It is useful to note that 

(4.0.1) ^(ai, a 2 , a 3 , a 4 , a 5 , a 6 , a 7 ) = ((ai, C 1_p 02, C P a3, C _la 4, C P_la 5, C Pfl 6, a 7 ). 

Now, r — 1, r 3 — 1, and r 5 — 1 are units in Z/(m), and so are r 2 — 1 and r 4 — 1 unless 
p = 2 mod 3. Using (3) above, we deduce 

Lemma 4.1. (1) // /c zs congruent to 1,3, or 5 mod 6 ; then S l T k is conjugate to 

(2) Ifp^2 mod 3 and k is congruent to 2 or A mod 6, then S l T k is conjugate to 

(3) Suppose p = 2 mod 3. Then if k is congruent to 2 or 4 mod 6, then S l T k is 
conjugate to T k if 3\k and ST k otherwise. 

Proof. Calculate that p = 3s + 2 implies that both r 2 — 1 and r 4 — 1 are equivalent 
modulo m to 3 times a unit. Also note that r 3 is congruent to —1 mod m. The 
Lemma now follows by careful use of (3) above. □ 

We will be interested in the action of G on C 7 and of G on P 6 . Denote by ei, e 2 , • ■ ■ ,e 7 
the standard basis vectors of C 7 , and by e^ the corresponding points in P 6 . 
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Lemma 4.2. Consider the action of G on C 7 . 

(1) Every point on the line of multiples of e 7 is fixed by the subgroup < S >. 

(2) Any other point fixed where G acts non-freely has last coordinate equal to 0. 

Proof. If S l T k fixes a point whose last coordinate is non-0, then k must be 0. □ 

Lemma 4.3. Consider the action of G on P 6 . 

(f) e-j is fixed by all of G 

(2) < S > is the stabilizer of each of e±, • • ■ , e^; < T > acts transitively on these 
points; < S > acts freely off ei, • • • , e 7 

(3) Any other point where G acts non-freely is in the G-orbit of a point fixed by 
T 2 or T 3 or (ifp = 2 mod 3) ST 2 . 

Proof. The first two statements are immediate. To locate orbits on which a group 
acts non-freely, it suffices to consider fixed points of representatives of each conjugacy 
class, as described in Lemma 4.1. Any point fixed by T k is also fixed by either T 2 or 
T 3 . Finally, if p = 3s + 2, one checks that (ST ) 2 = S 3s+2 T 8 , which is conjugate via 
4.1(3) to ST 8 ; so, a fixed point of ST 4 is in the (5-orbit of a fixed point of ST 2 . □ 

In fact, we will consider a smooth subvariety Z C P 6 and its affine cone ZcC 7 
on which G acts freely off the origin. 



5. Class C 4 — the variety and the group action 

The linear system of cubics in P 2 with base points at (1, 0, 0), (0, 1, 0), (0, 0, 1) gives 

a rational map $ : P 2 > P 6 , providing a projectively normal embedding of Z, 

the blow-up at these points. Then Z C P 6 has Oz{l) equal to the (very ample) 
anti-canonical bundle — Kz, and Z has degree Kz ■ Kz = 6. Since H X [Z, Oz(j)) = 
for all j, the affine cone ZcC 7 has an isolated Cohen-Macaulay three-dimensional 
singularity at the origin; it is also canonical Gorenstein, since the canonical bundle 
of Z is the negative of the hyperplane bundle. 

We find equations for Z C P 6 and for Z. The rational map $ can be given by 
mapping [A, B, C] to 

[X 1 ,X 2 ,X 3 ,X 4 ,X 5 ,X 6 ,X 7 ] = [AB 2 ,A 2 B,A 2 C,AC 2 ,BC 2 ,B 2 C,ABC]. 

Then the homogeneous ideal for Z C P 6 is generated by 9 quadrics: 



XiX 3 - 


- X2X7 


X^Xq - 


- X 5 X 7 


XIX4 - 


-^ 


X2X4 - 


- X3X7 


XIX5 - 


- XqX 7 


X2X5 - 


-^ 


^3-^5 _ 


- X^Xj 


x 2 x 6 - 


- XiX 7 


X 3 X 6 - 


'X 2 



Proposition 5.1. Choose p > 2 and let G C U(7) be the group defined in Section 4- 
Then G acts on Z C C 7 and G acts on Z C P 6 . 
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Proof. Since the matrices in G are unitary, the transpose inverse of such an element 
is its complex conjugate. So, the action of S on a coordinate X^ is multiplication by 
(~ r * , while T sends X{ (for i 7^ 7) to r]~ 1 Xi-i, and X7 to f]^ 1 Xj. Now one can check 
that S multiplies each of the 9 defining equations of Z by a power of ( (it helps to 
use (4.0.1)), and T sends each equation into r]~ 2 times another. □ 

Let Ei, i = 1, ■ • • ,5, denote the line in P 6 through e^ and e i+ i, and by E 6 the line 
through e§ and e.\. Then the following facts are well-known or easy to verify: 

(1) The union of lines Ei forms a cycle of lines on Z, and their sum is the divisor 

zn{x 7 = 0}. 

(2) Any point on Z for which some coordinate is lies on this divisor. 

Proposition 5.2. The only points of Z with a coordinate equal on which G acts 
non- freely are the 6 points ei, ■ • • , e§. For each of these, the stabilizer is < S >, and 
these points form one G- orbit. 

Proof. The assertions about the e; are clear. One must show that any other point 
P on, e.g., E\ cannot be fixed by a non-trivial S l TK But P has non-0 coordinates 
exactly in the first two entries. If it is fixed by S % T\ then j = 0. But, applying 
S l with i > multiplies the entries by two different powers of (, hence changes the 
point. □ 

Note G acts on Z — UEi. To study fixed points of G on this set, it suffices to look 
at points on Z within the standard affine open in P 6 where X\ 7^ 0. Considering 
coordinates Xi/Xi, i = 2, • • • , 7, we find using the 9 defining equations that U = 
Z l~l {X\ 7^ 0} is here an affine plane with coordinates x = X2/X1 and y = Xq/Xi. 
So, points of U may be written as 

(a, b) = [1, a, a 2 b, a 2 b 2 , ab 2 , b, ab}; 

In these x, y coordinates, e x is the origin, E 6 is given by x = 0, and E 1 is given by 
y = 0. The action of G on a point (a, b) in U — {xy = 0} is given by 

(1) S(a,b) = (C^e-'b) 

(2) f(a,b) = (o6,l/o). 

It is clear that the cyclic group < 5 > acts freely off the origin. Lemma H~T1 restricts 
the transformations to be considered. 

Lemma 5.3. Consider the action of G on U — {(a,b)\ab = 0}. 

(1) The only fixed point ofT is Qi = (1, 1). 

(2) The fixed points off 2 are the 3 points (p,p), where p 3 = 1. 

(3) If p = 3s + 2, then the fixed points of ST 2 are the 3 points (pC ;PC 2s+1 )> 
where p 3 = 1 . 

(4) The fixed points ofT 3 are the 4 points (±1, ±1). 
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Proof. These are simple calculations, using the explicit form of S and T. D 

Proposition 5.4. The points of Z — UEi one which G acts non-freely are the orbits 
in U of: 

(1) Qi = (1, 1), with stabilizer < T > of order 6, 

(2) If p ^ 2 mod 3, the point Qi = (u,u), where us= exp(2ni/3), with stabilizer 
< T 2 > of order 3, 

(3) Ifp = 3s + 2, the point Q 3 = (wC~ (s+1) , u( 2s+1 ), with stabilizer < ST 2 > of 
order 3. 

(4) Qi = (— 1, —1), with stabilizer < T 3 > of order 2. 

Proof. The orbits of the fixed points are exactly the orbits of the points in Lemma l5TB~j 
one needs to enumerate the distinct orbits, and find the stabilizer of a representative 
fixed point in each orbit. The stabilizer of Q\ is easily checked to be as asserted. The 
3 points in Lemma [5.3( 2) are Qi, Q2, and T(Q2). A calculation shows that if p ^ 2 
mod 3, then the stabilizer of Q2 is < T 2 > , and it is not in the G-orbit of Q\. On the 
other hand, if p = 3s + 2, then one can write m = 3m' and Q2 — S m (Qi), so these 
points are already accounted for in the orbit of Q\. But then the 3 points in Lemma 
15.3( 3) are Q 3 , S m (Q3), and S 2m (Q3); another calculation shows the stabilizer of Q 3 
is as claimed, and the point is not in one of the preceding orbits. Finally, the 4 points 
in Lemma |5~BT 4) are Qi, Q^, T(Qi), and T 2 (Q4), and the calculation of the stabilizer 
of Q4 is straightforward. □ 

We summarize and complete the above results in the 

Theorem 5.5. (1) The metacyclic group G acts freely on Z — {0} ; hence Z/G 
has an isolated Q-Gorenstein (in particular, Cohen- Macaulay) singularity. 
(2) The induced action of G on Z is faithful, and has 4 orbits of fixed points 

Proof. We show G acts freely on Z — {0}. We already know the fixed points for 
the induced action on Z. If S l T : > has an eigenvector in Z with eigenvalue 1, then 
consideration of the last coordinate shows that either it is 0, or j = 0. In the first 
case, by Proposition 5.2 it suffices to consider e\. It is an eigenvector for S l T &: > , i < 
m, with eigenvalue Cv^'i but a simple check shows this cannot equal 1 unless the 
transformation is the identity. The case j = again yields only the e^ as possible 
fixed points, and e-j is not on Z. 

The other assertions follow from Proposition 15.41 

□ 
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6. Class C 4 — the G-invariant polynomial 

We continue to consider for each p > 2 the subgroup G C U(7) from the previous 
sections. Write 7 = rf = exp(2m/6), a primitive sixth root of 1, and consider the 
polynomial 

/ = xr'x, + 7x^x3 + 7 2 xf- i x 4 + 7 3 xr i x 5 + 7 4 xr i x 6 + 7 5 xr i x 1 . 

Theorem 6.1. / is G-invariant, and defines a smooth curve D on Z . The induced 
action of G on D is faithful, and the quotient is aP 1 , with D — )■ P 1 branched over 4 
points. 

Proof. A direct computation shows that / is G-invariant. The (possibly non-reduced) 
curve D G Z which it defines contains all the points of Z where G has isotropy, as 
enumerated in Propositions 15.21 and 15.41 . 

We consider D on the open subset U of Z given by {Xi 7^ 0}. As in the discussion 
earlier, one has coordinates x and y for Z for which e.\ is the origin, E§ is given by 
x = 0, and E\ is given by y = 0. D is the plane curve defined by the vanishing of 

f(x, y) = x + 1X p+1 y + 7 2 x 2 V +1 + 7 3 x 2p -y p + 7 V~y p - 1 + 7V" 1 . 

D intersects the two axes only at the origin, and it is smooth there; it intersects E% 
with multiplicity p — 1, and E\ with multiplicity 1. 

We show D is reduced and irreducible. Any irreducible component of D must 
intersect the ample divisor {X7 = 0}; the above description shows it can intersect 
only at the e^ (z 7^ 7), and it is smooth there; so, D is reduced. Let C be the 
irreducible component of D containing €\. Since T permutes the e,, the set of curves 
{Ti(C), j = 0, • • • ,5} consists of all irreducible components of D; so, there are at 
most 6 of them. 

We prove in Lemma 16.21 below that D contains all the points at which G acts non- 
freely, and is smooth there. In particular, if D had a singular point, then it would 
have at least |G| = 6(p 2 — p + 1) of them; let us assume this. If D is the normalization 
of D, then the standard exact sequence yields 

x(o 6 ) = x(o D ) + Y,tQ> 

the last sum adding up the (5-invariants of the singular points of D. Since x{®d) — 
—D ■ (D + K)/2 and D = pH, the previous formula yields the inequality 

h (O 5 ) - h\O b ) > -3p(p - 1) + Q(p 2 -p + 1). 

But we have observed that h°{Ojj) < 6; then the inequality h^iOjj) > yields the 
contradiction < 3p — 3p 2 . 

Consider finally the action of G on the smooth curve D. A simple topological count 
(or Hurwitz's formula) shows that the genera of D and the quotient D/G are related 
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by 

s 

(2g(D) - 2)/\G\ - £(1 - 1/m) = 2g{D/G) - 2, 

i=l 

where there are s orbits of fixed points, and n t is the order of the stabilizer of a 
representative point. But 2g(D) — 2 = 6p(p — 1) and s = 4, with the rii equal 2, 3, 6, 
and m; plugging in yields that D/G is a projective line. □ 

Lemma 6.2. The points of Z at which G acts non-freely are all smooth points of D. 
Further, D has the following tangent lines for certain points in U: 

(1) At Q 1 = (1,1): (x-l) + 7 (s/-l) = 0. 

(2) At Q 2 = (u, u) = ( 7 2 , I 2 ) : (x - u) + i(y - w) = 0. 

(3) At Q 3 = (tu( 2s+1 , tuC s ), when p = 3s + 2: (x - tu( 2s+1 ) + -?(- p (y - tu(- s ) = 0. 

Proof. Since G acts onD, it suffices to check the first assertion at a representative 
of each of the 4 orbits where the action is not free. e\ is obviously a point of D, and 
smoothness there has already been noted. The verification that Qi for i — 1, 2, 3 are 
points of the curve, with f y /f x as claimed at each point, is a very lengthy computation 
using high-school algebra. It is easy to check that /(— 1, — 1) = and f x (— 1, — 1) = 
2 — 2p — 2p(—l) p + 7(— l) p (2p — 2) 7^ 0; it will not be necessary to know the equation 
of the tangent line at Q4. □ 

7. A QHD SMOOTHING FOR C 4 

Consider as before the surface Z C P 6 , its affine cone Z C C 7 , and for each p > 2 
the group G = G p , and the G-invariant homogeneous polynomial / of degree p. The 
map / : Z — > C has special fibre T>, the affine cone over the smooth curve DcP 6 
given byZn{/ = 0}. As Kd = Oo{p —^-), we see that T> has an isolated Gorenstein 
singularity, and the map / expresses Z as the total space of a smoothing. The Milnor 
fibre M for this smoothing is any fibre of / : Z — / _1 (0) — > C — {0}. 

Proposition 7.1. The Milnor fibre M for this smoothing of T> is simply connected, 
with Euler characteristic Qp(p 2 — p + 1). 

Proof. Since T> is Gorenstein, the Euler characteristic of its Milnor fibre M is given 
by the familiar formula computed from a resolution 

1 +/! = 12p g + C\ 4" C 2 . 

The genus of D is 3p(p — 1) + 1, and one easily checks that c\ = —6p 3 , c 2 = — 6p(p — 
1), p g = p 3 , from which the desired formula follows. 

For simple connectivity of the Milnor fibre, the usual Lefschetz theory shows that 
it suffices to prove simple connectivity of the link of the smoothing, i.e., of L = 
Z n S* 13 C C 7 . But L is homeomorphic to the S^-bundle on Z corresponding to the 
hyperplane line bundle; so, by the exact sequence of homotopy groups and the simple 
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connectivity of Z, we see 7Ti(L) is abelian. It suffices therefore to prove the vanishing 
of the first homology group of L; we use the Gysin sequence, part of which is 

H 2 (Z) -► H (Z) ->• ^(L) -* if^Z) = 0. 

The first map is cupping with the first Chern class of the hyperplane bundle, so its 
cokernel is a cyclic group whose order is the degree of imprimitivity of C\ in H 2 (Z), 
or equivalently in Pic(Z). But the hyperplane class is primitive (e.g., because its 
self-intersection of 6 is square-free). This proves the claim. □ 

Remark 7.2. A Milnor fibre M = f~ l {t) of the smoothing can be constructed as the 
complement of a curve on a projective surface. Consider in P 7 the variety Z' defined 
by the equations of Z plus a new equation T p — f = (where T is a new homogeneous 
coordinate). Note Z' fl {T = 0} = D, and Z' — > Z is a cyclic covering ramified over 
D. The Milnor fibre is easily seen to be Z' — D, a cyclic p-fold unramified covering 
of Z — D, and the Euler characteristic could be computed directly in this way. 

Since G acts freely on the cones Z and V, and / is G-invariant, we have an induced 
map / : Z/G — > C, a smoothing of the surface singularity T>jG. 

Proposition 7.3. G acts freely on the Milnor fibre M above, and the quotient M/G 
is the Milnor fibre of the smoothing f of T> jG. The ^-manifold M/G is a rational 
homology disk. 

Proof. Since G acts freely on Z — {0} and / is G-invariant, we have that G acts freely 
on M = / _1 (t),t + 0. So, the Euler characteristics satisfy x( M ) = \G\x(M/G). 
Via Proposition 7.1, we conclude that x(M/G) = 1. But m(M/G) ~ G, since M 
is simply-connected, and so H l (M/G;Q) = for % > 0. Thus M/G is a rational 
homology disk. □ 

We are now ready to state the main theorem. 

Theorem 7.4. Suppose p > 2, with G, Z, and f as in Sections 4, 5, and 6 respec- 
tively. Then f : Z/G — > C defines a QHD smoothing of a rational surface singularity 
V of type C 4 , whose Milnor fibre has fundamental group G. The resolution dual graph 
ofV is 



P 



• • •- 

-3 

-3 -2 

(I 
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Proof. Given the Propositions above, it remains only to find the resolution dual graph 
of the singularity V/G. 

First, consider the blowing-up 23 — > Z at the origin, yielding the geometric line 
bundle over Z associated to Oz{—^)', the action of G lifts to this space. The non- 
free orbits occur at the points of Z C 03 described in Proposition 5.4; as every such 
orbit contains a point with first coordinate non-0, it suffices to consider the open set 
hi C 23 obtained by inverting the coordinate X\. As in the proof of Lemma 5.3, U is 
a 3-dimensional affine space with coordinates x = X 2 /Xi, y = X 6 /X 1 ,z = X l5 and 
the exceptional divisor Z is given by z = 0. G acts on U — {xy = 0}. The actions of 
S and TonW are given by 

T(a, b, c) = (ab, l/o, rjac), 
hence 

T 6 (a,b,c) = (a,b,7] 6 c). 

Since T 6 is a pseudo-reflection (of order p), we divide U by it, getting a cyclic map 
U — >■ W — U I < T 6 > to another affine space, branched p times over the last 
coordinate. W has coordinates x,y,z' = z p , with z' — giving the image of Z 
(the exceptional divisor), and f(x,y) = (as in (6.1)) the proper transform of D. 
G = G/ < T 6 > acts on W via 

5(a,6,c') = (r%C P ^,C P c), 

f(a,b,d) = {ab,l/a,v p a p c'). 
The relevant points on W to consider and their (5-stabilizers are: 

(1) (0, 0, 0), with stabilizer < S > of order m. 

(2) (1, 1, 0), with stabilizer < T > of order 6. 

(3) If p ^ 2 mod 3, (u>, u, 0), with stabilizer < T 2 > of order 3. 

(4) If p = 3s + 2, (wC~ (s+1) , wC 2s+1 _, 0), with stabilizer < ST 2 > of order 3. 

(5) (-1, -1,0), with stabilizer < T 3 >, of order 2. 

These data would allow a complete description of the four three-dimensional cyclic 
quotient singularities on U'/G, or equivalently on the partial resolution 23/G. 

But we are interested in the quotient singularities on a partial resolution of V/G. 
For this, we consider in W the smooth two-dimensional hypersurface f(x,y) = 0, 
and divide by G. At each of the special points above, one considers the Jacobian 
matrix of a generator of the stabilizer, and examines its action on the tangent space 
to f(x,y) = (given by the formulas of Lemma 6.2), now paying attention to the 
exceptional divisor z' — corresponding to D. Following (2.7), we describe each 
cyclic quotient singularity by a fraction n/q, counting out from the "central curve" 
which is the image of D. 
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At (0,0,0), the tangent plane is given by x = 0. For a point in this plane, the 
action of S is (b, d) h+ (( p ' 1 b,C p c'). Note that ( p = (£p-1)"»-p+i ; so , resolving and 
starting from the image of D, one has an m/m — p + 1 cyclic quotient singularity. 

At (1, 1, 0), the tangent plane is (x — 1) + j(y — 1) = 0. From the Jacobian matrix 
of T, one finds the cyclic quotient is of type 6/1. The cases with stabilizer of order 
3 are done similarly, again using the previous computation of the tangent plane; one 
has a cyclic quotient of type 3/1. Finally, for the point (—1,-1,0), the stabilizer 
T 3 has order 2, hence to first order acts as minus the identity, which gives an A\ on 
D/G. 

These calculations give most of the information on the resolution dual graph of 
T>/G. That the central curve is rational was proved above in Theorem 6.1. There 
remains only the question of the self-intersection — d of the central curve. As in (2.7), 
the discriminant equals 

2 • 3 • 6 • m- {d- (1/2) - (1/3) - (1/6) -{m-p+ 1/m)} = 6 2 {(d- 3)(p 2 -p+l)+p 2 }. 

On the other hand, as the singularity has a fi = smoothing, there is a self-isotropic 
subgroup of the discriminant group which is isomorphic to the first homology of 
the Milnor fibre (e.g., [I4j, 4.5). As noted above, that first homology group is the 
abelianization of G, hence has order n = 6p. Thus, the order of the discriminant 
group is n 2 = (6p) 2 , so d = 3. 

□ 

Remark 7.5. The metacyclic groups above have p > 2, but again all the calculations 
make sense for p — 1. In this case, the group G is cyclic of order 6, and one finds the 
quotient of the cone over a hyperplane section of Z C P 6 (an elliptic curve of degree 
6), whose resolution dual graph is 



This is the first term in the Ai series of 1221. 



8. QHD SMOOTHING COMPONENTS 

An irreducible component of the base space of the semi-universal deformation of 
a normal surface singularity (V, 0) is called a smoothing component if the generic 
fibre over such a component is smooth. For a rational surface singularity, every 
component is a smoothing component, but their dimensions vary. We are interested 
in components containing a QHD smoothing. 
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Theorem 8.1. A QHD smoothing component of a rational surface singularity has 
dimension 

r 

h\S x ) + J2(di-3), 

t=i 

where (X,E) — > (V, 0) zs the minimal good resolution; E = YH=i^i> &x> the sheaf 
of logarithmic vector fields, is the kernel of the natural surjection Qx —> © A?£. ; and 
Ei ■ Ei = —di. 

Proof. In general, suppose that tc : (V, 0) — > (C, 0) is a smoothing of a normal surface 
singularity, and let Oy/c denote the relative derivations. Consider the length (3 of the 
cokernel of the natural map 

©v/c ® o v -> e v . 

It was conjectured in [25] (4.2) that (3 is the dimension of the corresponding smooth- 
ing component; this was then proved by Greuel-Looijenga [6] . Next, assuming the 
smoothing could be globalized in an appropriate sense, Theorem 3.13 of [25 J proved 
a formula for j3 in terms of a resolution of V and the Euler characteristic of the Mil- 
nor fibre. The globalization condition (called (G) in that theorem) was later shown 
by Looijenga ([13], Appendix) to be satisfied in all cases. Applying the formula of 
Theorem 3.13(c) of [25J to the case at hand, one has h}{Ox) = and Xt(E) = 1 + r. 
Thus, for a QHD smoothing, the corresponding component has dimension 

(3 = h\Q x )-2r. 

Note that Sx is the dual of the perhaps more familiar Q x (\ogE) (see [23]. (2.2)). Since 
h°(NE i ) = 0, and /^(A^J = di — 1 if Ei-Ei = —di, one obtains the stated formula. □ 

For a rational surface singularity, ^(Sx) is the space of first-order deformations of 
X preserving all the exceptional curves; it is the tangent space to the smooth functor 
of equisingular deformations of V ([23j,(5.16)). Further, for every exceptional cycle Z 
there is a surjection Sx — > @z, so that the induced surjective map i/ 1 (S'x) — > -ff 1 (©z) 
is an isomorphism for all Z sufficiently "large" . 

On the other hand, a resolution graph is "taut" if there is a unique analytic singu- 
larity with this graph. H. Laufer classifies all of these in [11] . By standard theorems, 
this is equivalent to H 1 (Qz) = for all exceptional cycles Z on a resolution of any 
singularity with this graph, so that a taut singularity will have H l (Sx) = 0. 

Corollary 8.2. A QHD smoothing component of a weighted homogeneous surface 
singularity has dimension 1. 

Proof. It is easily checked that all graphs of types Q, W,Af, M. of [22] are taut, and 
satisfy ^^ =1 (cZj — 3) = 1. This settles the assertion in those cases. For graphs of types 
A,B,C with one star, is follows from the allowed moves as described in Figure 11 of 
[22] that X/i=i(^« — 3) = 1 for all final graphs of valency 3, and ^[=i(^ — 3) = for 
final graphs of valency 4. Again, in the valency 3 case, Laufer's result shows all these 
graphs are taut. 
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For the valency 4 graphs, H. Laufer has shown ([H], (4.1)) that the analytic struc- 
ture is uniquely determined by the cross-ratio of the 4 points on the central curve, 
i.e., by the analytic structure of the reduced exceptional cycle E. Thus, h}(Qz) = 
h x {Sx) = 1 in all cases. Combining with our remark above that YH=i(di — 3) = 0, 
the assertion about the dimension of the component is proved. □ 

Corollary 8.3. The smoothings in Theorems 2.3, 3.4, and 7.4 give smooth, one- 
dimensional smoothing components in the base space of the versal deformation of the 
corresponding singularities. 

Proof. Since the smoothing components have dimension 1, one needs only to check 
that the Kodaira-Spencer map on the tangent spaces is injective, i.e., the deformations 
of the surface singularities are non-trivial to first order. We do this in two steps. Write 
the singularity V as a quotient Y/G. First, the deformation of Y is non-trivial to 
first order. This follows from the easily proved general result: 

Lemma 8.4. Let R = C[[xi, . . . ,x n ]}/(fi) be a local domain of embedding dimension 
n, h e mn a non-zero divisor. Then the map C[[t\] — > R sending t to h is flat, 
giving a one-parameter deformation of R/(h). If h e m 2 R , then the induced first- order 
deformation of R /(h) is non-trivial, i.e., the Kodaira-Spencer map is non-0. 

Thus, one has a non-trivial first order deformation of the surface singularity (Y, 0). 
We claim next that the corresponding deformation of (Y/G, 0) is non-trivial to first- 
order. But this follows from the injectivity of T y , G C (Ty) G , which can be proved 
using the injectivity of H X (Y/G - {0}, Q y /g) C H X (Y - {0}, 6 y ) G . □ 

Remark 8.5. The same argument gives smooth one-dimensional smoothing compo- 
nents for other examples of quotient QHD smoothings, as in [22], (8.2). 

Theorem 8.6. Consider an H -shaped graph of type A, B, or C, i.e. 



-b 



Thus, a and b are any two of the 3 integers in one of the three triples. Suppose that 
the graph is taut, e.g., e > 3. Then there is no singularity with this resolution graph 
having a QHD smoothing. 

Proof. The inductive definition of a graph of type A, B, or C consists of two types of 
blow-up moves on a preliminary graph, as described in Figure 11 of [22]. One obtains 
the desired graph at any stage by replacing the (unique) —1 node by respectively a 
—4, —3, —2. It is easy to see that the second type of move leaves X/[=i(^« — 3) the 
same, while the first type lowers it by 1. Starting with the basic preliminary graph, 
this sum equals 1; to construct an if -shaped graph also requires a series of type (b) 
moves, and then one type (a) move, followed perhaps by more type (b) moves. The 
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net result is that an i7-shaped graph of any of these types will have YH=i (di — 3) = 0. 
But a taut graph would have /i 1 (S'x) = 0, so Proposition 8.1 implies one has a QHD 
smoothing component of dimension 0, an impossibility. 

Table IV of [11] lists the taut if-shaped graphs (all of which are rational save one 
case which could not arise here). If e > 3 in the if-shape, the graph above is taut, of 
type(Li) + (Ji) + (i*2). □ 

There are many taut graphs with e = 2 which are of type A, £>, C; so, none of these 
could have a QHD smoothing. 

Corollary 8.7. Consider the graphs Y n from Figure 4 of [I]: 



n 



w w 



-3 -3 -(n+1) -4 -2 -2 

They are taut for all n > 1, hence the singularities do not have a QHD smoothing. 

Proof. The case n > 2 is covered by the condition above e > 3. For n — 1, the graph 
is taut, as it is of type (L x ) + (J 2 ) + (-R4), using the contraction (C 3 ) to end up with 
the desired graph. □ 

Remark 8.8. By the method of "symplectic caps", Gay and Stipsicz proved ([3], 
Proposition 4.2) that for n > 7, the 3-manifolds constructed from Y n do not bound a 
QHD, hence a fortiori the corresponding singularities could not have a QHD smooth- 
ing. 

Remark 8.9. The following graph (of type A) is rational but not taut, so the above 
argument does not rule out that with some analytic structure, there exists a QHD 
smoothing: 






We note that this graph passes the "/z = 0" test as well (cf. [15] . [21]). so cannot be 
eliminated on those grounds either. 

Nonetheless, we make the following 

Conjecture 8.10. The only complex surface singularities admitting a QHD smooth- 
ing are the (known) weighted homogeneous examples. 
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The question of existence of examples other than those on our original list was asked 
even before the organization of the examples in [22], see for instance the remark on 
the bottom of page 505 of [2] . 
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